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1.  Introduction 


In  this  paper  stochastic  Integrals  are  defined  with  respect  to  processes 
with  independent  hut  not  necessarily  stationary  increments.  Sufficient 
conditions  are  given  for  a  process  to  be  integrable.  In  the  special  case 
where  the  integrator  is  a  stable  motion  of  index  p  c  [1,2),  the  integrand  may 
have  sample  paths  in  L^.  Basic  properties  of  these  integrals  are  established 
and  then  attention  is  restricted  to  integrals  involving  nonrandom  integrands. 
For  this  special  case,  characteristic  functions  are  computed  and  used  to 
establish  necessary  and  sufficient  conditions  for  the  independence  of  such 
integrals . 

Throughout  this  paper  f;(t),  t  >  0,  will  denote  a  stochastically 
continuous  process  having  independent  increments  and  not  having  a  Gaussian 
component.  The  reason  for  the  assumption  of  no  gaussian  component  is  that 
such  a  component  is  obtained  by  a  nonrandom  time  change  from  a  Brownian  motion 
and  leads  to  a  simple  variation  of  the  extensively  studied  Ito  integral.  We 
further  assume  that  the  sample  paths  of  t(t)  lie  in  DlO,00)  and  that  t(0)  =  0. 
It  is  well-known  that  for  every  a  >  0  such  a  process  may  be  written  as  a  sum, 

C(t)  =  ba(t)  +  Ca(t)  +  C^(t), 

where  b^Ct)  is  a  continuous  nonrandom  function  such  that  b^(0)=0,  and  where 
r  (t)  and  r,^(t)  are  stochastically  continuous  independent  processes  with 
independent  increments  having  paths  In  DlO,00)  and  such  that  £^(0)  “  0  =■  C^(0). 


Moreover,  the  sample  paths  of  have  jumps  of  absolute  values  less  than  or 
equal  to  a  while  those  of  £  *  have  jumps  of  absolute  values  greater  than  a. 


The  jump-time  Levy  measure  will  be  denoted  by  M;  M(A*R)  is  the  expected  number 
of  jumps  of  size  in  A  which  occur  at  a  time  in  B.  The  notation  M  will  be 

used  to  denote  the  Levy  measure  of  £(t);  then  M^CA)  =  M  (A  *  [0,t)),  t  0, 

M  ({0})  =  0,  and  if  .1  =  [-1,1],  x2  dMt  <  °°,  and  Mt(JC)  <  00 .  The  jump-time 

Levy  measures  of  £  and  of  £'  are  the  restrictions  of  M  to  aJ  *  [O,05)  and 

1  a  a 

£ 

aJ  x  (0,»)  respectively.  The  centering  for  £  (t)  will  be  chosen  so  that 

£  (t)  has  the  ch.  f.  exp{[  1  (ux)  dM  (x)}  where  (x)  =  e^x  -1  -ix.  The 
a  J  T  0  t  0 

aJ 

ch.  f.  of  £ ' ( t)  will  be  exp { {  eiux  -1  dM  (x) }  and  this  process  will  have 

a  r  t 

a.) 

step  functions  as  sample  paths.  We  will  assume  throughout  that  for  some 

a  >  0  the  nonrandom  function  b  (t)  is  of  bounded  variation  over  every  finite 

a 

interval.  This  will  be  case  iff  it  is  the  case  for  all  a  >  0. 

The  process  £(t),  t  0,  will  be  assumed  to  be  adapted  to  a  nondecreasing 
family  { A ^ ;  t  ^  0}  of  o-fields,  such  that  for  each  t  0,  A^  and  o  {£(t+h>- 

£(t):  h  0)  are  independent.  The  integrands  will  be  stochastic  processes 

V(t),  t  .>  0,  which  are  adapted  to  {A^}.  The  term  "adapted  process"  will 

always  mean  adapted  to  these  same  o-fields  A^.  An  adapted  process  V(t)  will 

be  said  to  be  simple  if  it  is  of  the  form 


V 


CO 


w 


+  W  I 


(0) 


where  0  =  to  <  ti. 


A  -  measurable. 

Sc 


t;>  <  ...,  lim  t  =  °°,  and  for  all  k,  V.  is 
’  n  k 

Note  that  a  simple  process  V  has  left-  continuous 


paths.  For  such  a  process  the  stochastic  integral  is  defined  as  usual  to  be 
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where 


C(0)  =  0  , 


simple  V 


k(t) 

/J  VdC  =  ^  Vj  ACj  +  VR(t)  (C(t)  -  C(k(t))) 

=  c(tj  +  p  ~  C(t  )  an<1  tk(t)  <  t  <  tk(t)+1.  (Since  r,( 0+)  = 
the  definition  of  Vdc  does  not  involve  W. )  Observe  that  for 
the  sample  paths  of  VdC  lie  in  D  (0,°°).  In  sections  two  and 


three  the  class  of  integrable  processes  is  extended  to  adapted  predictable 
processes  V(  t)  such  that  for  some  a  >  0,  j ^  ^  n(xV(s))  dM(x,s)  <  00 

a.s.,  T  >  0  where  n(x)  =  |x|  A  x2  =  min(|x|,  x2).  The  idea  of  using  this 
criterion  in  the  case  of  stationary  increments  is  Kallenberg's  (see  Theorem 
3.1  of  [2}).  The  resulting  class  of  integrable  processes  is  larger  than  the 
usual  class  of  processes  which  have  paths  in  t<2lO,T]  a.s.  and  so  generalizes 
Millar's  work  in  [5].  In  the  nonstationary  increment  case,  we  require  that 
the  integrands  V(t)  be  predictable;  that  is,  V(t)  Is  measurable  with  respect 
to  the  o-field  of  subsets  of  ^  x  [0,°°1  generated  by  the  left-continuous 
adapted  processes.  In  section  2  the  stochastic  integral  is  defined  with 
respect  to  C^and  in  section  3  the  definition  is  extended  to  £.  This 
definition  contains  that  of  Kallenberg  in  the  special  case  of  stationary 
increments  and  predictable  integrands.  Throughout  section  2  we  use 
Kallenberg's  techniques  to  define  the  integral;  in  particular  we  use  his 
extension  of  an  inequality  due  to  Dubins  and  Savage  [1],  In  section  4  we 
construct  a  complex-valued  exponential  martingale  and  in  section  5  we  consider 
stochastic  integrals  with  nonrandom  integrands. 

In  addition  to  the  work  of  Kallenberg  [2]  generalizing  that  of  Millar 
[5],  we  should  mention  that  of  Rosinski  and  Woyczynski  [9],  Urbanik  and 
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Woyczynski  (10],  and  Prekopa  (6],  (7],  and  (8].  Rosinski  and  Woyczynskl 
studied  Integrals  with  respect  to  p-stable  motions  and  established  several 
interesting  results.  Urbanlk  and  Woyczynskl  considered  nonrandom  integrals 
with  respect  to  symmetric  processes  with  stationary  independent  Increments. 
They  established  conditions  for  stochastic  integrablll ty  In  terms  of  Orclicz 
spaces.  Prekopa  made  an  extensive  study  of  random  measures. 


2.  Construction  of  the  Integral 

In  this  section  the  existence  of  simple  adapted  processes  which 
approximate  a  given  predictable  process  V  is  established.  Then  the 
stochastic  Integral  Is  shown  to  exist  as  a  suitable  limit.  The  given  process 
V  Is  assumed  to  satisfy  the  Kallenberg  condition 

/aJxj0  t]n^X  dM(x, s)  <  «  a.s. 

for  some  a  >  0  and  a  fixed  t.  The  smoothing  technique  used  by  Kallenberg  and 

others  to  construct  these  simple  processs  falls  to  work  In  general  for 

nonstationary  Increments  and  we  use  another  method  here. 

Let  t  denote  an  arbitrary  fixed  positive  number.  Partition  the 

Interval  [0,t]  into  the  subsets  (0),  I  ,  =  (0,2  rt] ,  I  „(2  rt,  (2)2  rt] ,  ..., 

rl  rz 

I  =  ( ( j-l  )2_r  t,  j2_rt] ,  ...  I  r  -  ( ( 2 r- 1 )  2_r  t,  t].  Letlj  be  the 
r j  r, i  r 

family  of  all  finite  disjoint  unions  of  sets  of  the  form  A^  x  (0), 

Aj  x  Ir>j,  1  <_  j  <  2r,  where  Aj  e  A  ^_r. 

Lemma  2.1.  r  a  o~field  of  subsets  of  M  x  ( 0 , t ] . 


Proof.  The  proof  Is  standard  and  Is  omitted. 


Lemma  2.2. 


If  a  process  V  Is 


measurable , 


then  It  Is  simple  and 


.-x 


■  »  --W  ■ 


.•liva-iv: 
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adapted  to  the  o-fields  A 

s 


Proof.  Assume  V  is 


k> 


mensurable  and  let  V,  be  the  restriction  of  V  to 
r  j 


ft  x  I  The  o-field  on  ft  *  I  ,  induced  by  M  is  the  product  o-field 
rj  rj  r 

A  _r  x  {0,  I_i }  and  so  Vi  is  measurable  with  respect  to  this  product 
j2  J  J 

o-field.  Consequently,  for  each  w  r  ft,  V  (*,u>)  is  constant  on  I  and  for 

J  r*  j 

each  s  c  I  ,  V  (s,*)  is  A  _  -  measurable.  Thus  V(s,w)  =  V  ,  a  fixed 

j  j  j  2  r  3 

A  _r  -  measurable  r.v.  on  Ir.i.  This  proves  that  V  is  simple  and  adapted. 
j2  ' 


Q.E.D. 

Now  let  y  be  a  finite  Borel  measure  on  {0,t]  defined  for  Borel  sets  D 

a 

by  the  equation 

y  (D)  =  /  x2  dM(x,s)  +  M  (aJc  x  D) . 

a  aJxD 

Let  y^  be  the  probability  measure  on  [0,tl  determined  by  y^;  i.e. 

y  (D)  =  y  (D)/  y  ([0,t]).  Then  P  x  y  is  a  probability  measure  on  the 

a  a  a  a 

product  space:  (ft  x  [0,t],  A^_  x  B[  0,  t] )  where  B[0,t]  denotes  the  Borel 


o-field  of  subsets  of  [0,t],  We  denote  expectation  relative  to  this 

probability  measure  P  x  by  Epx  (•).  A  predictable  measurable  process  is  a 

a 


r.v.  on  this  space. 

Theorem  2.1  Let  V  be  a  predictable  measurable  process  which  is  bounded 


over  ft  x  [0  t ] .  Define  V  = 

r 

adapted  processes  such  that 


Then  {V^}  is  a  sequence  of  simple 


(a)  P  x  p  film  V  =  V }  =  1 , 

a  r 

(b)  llm  E  /  x2jv  (s)  -  V(s)|dM(x,s)  =  0,  and 

ir*00  a  J  x  [  Q ,  t  ] 

(c)  lim  E  i  I V  (s)  -  V(s)|dM(x,s)  =  0. 

r*00  ujc x  [  0 ,  t  ]  I  r  I 
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Proof.  Since  is  a  nested  family  of  o-fields,  {V^}  is  a  martingale. 

Also  any  upper  bound  for  V  is  a  upper  bound  for  so  by  the  Martingale 

Convergence  Theorem  there  exists  V  such  that  {V^}  converges  to  V  Pxp^  a.s 
and  in  [^(Pxp^).  The  statements  (a),  (b)  and  (c)  will  follow  if  V  =  V. 

Let  Jj  =  a(^r  :  r  1}.  Then  every  left-continuous  process  over  U  *  [ 0 , t 1  is 

< -measurable  since  if  j^2  r  t  <  s  (j^+l)2  rt,  V(s)  =  l|m  V(j^2  rt). 
Consequently  the  predictable  process  V  is  -measurable  and  V  =  V.  Q.E.D 

Corollary  1.  Let  a  >  0  and  suppose  that  V(s),  0  s  t,  is  an  adapted 
predictable  measurable  process  which  is  bounded  over  il  *  [  0 ,  t  ] .  Define 


'r  ’  E  (V|^r 


)  as  in  Theorem  2.1.  Then 


lim  E  / 
r+"  aj*[0,t] 


n(xV(s)-xVr(s))  dM(x,s)  =  0. 


Proof.  Let  co  =  sup  { |  V  ( s ,  to)  |  :  0  s  t,  we  fi}.  Then  |vr(s,to)|  c^  for 

(w,s)  e  0.  *l0,t}.  First  suppose  that  J  xV{s)  -  xVr(s)|  1.  In  this  case 

n(xV(s)  -  xVr(s))  =  x2|v(s)  -  Vr(s)j2 

<  2c0x2|v(s)  -  Vr(s)|. 

On  the  other  hand  if  |x  V(s)  -  x  ( s )  | >  1  *  then  |xj  2  1/2cq  and  so 

n(x  V(s)  -  x  V^Cs))  =  |x|  |v(s)  -  Vf(s) | 

<  2  cQ|x|2  | V( s)  -  Vr(s)|. 

That  is,  in  either  case 

n(x  V(s)  -  x  Vr(s))  <  2  Cg  | x | 2  |v(s)  -  ( s ) | , 


and  by  (b)  of  Theorem  2.1, 


lim  E  /  n(x  V(s)  -  x  V  (s))  dM(x,s)  ~  0. 

it*-®  olJ  x  1 0  j  t ) 

Q.E.D. 

Lemma  2 . 3  (Kallenberg)  For  all  x  and  y, 

n(x  +  y)  £  4n(x)  +  4  n(y). 

(  r\  \ 

Proof  Note  that  sup  - — —  £  4  and  hence 
x  n(x) 


n(x  +  y)  =  n(Jx  +  yj)  (n  is  even) 

£  n(|x|  +  | y  | )  (n  Is  nondecreasing  in  [0,®)) 

£  n  (2  max(  |x| ,  |y|  )) 

£  4  n  (max( | x| ,  |y | ) ) 

£  4  n  (|xj)  +  4  n(jyj)  =  4  n(x)  +  4  n  (y).  Q.E.D. 

Corollary  2.  Let  a  >  0  and  suppose  that  V(s),  0  £  s  £  t,  is  an  adapted 
predictable  process  such  that 

/  n(x  V(s))  dM(x,s)  <  00  a.s 

otJx[0,  t] 

Then  there  exist  simple  adapted  process  such  that 


lim  /  n(x  V(s)  -  x  V  (s))  dM(x,s)  =  0  a.s. 

r+°°  aj  x  [  0 ,  t  ] 

(k) 

Proof  Define  processes  V  (r,u),  0  £  s  £  t,  by 
f  k  if  V(s,w)  >  k 


V 


(k) 


(s,u>) 


^V(s,u>)  if  “k  £  V(s,m)  £  k 
[-k  if  v(s,  w)  <  -  k. 


Then  by  the  Dominated  Convergence  Theorem 
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lim  /  n(x  V(s)  -  x  v  ( s ))  dM(x,s)  =  0  a.s. 

k+°°  oj  x  [  0 ,  t  ] 

Thus  for  each  positive  integer  m,  there  exists  km  such  that 


P{  /  n(x  V(s)  -  x  V  m  (s))  dM(x,s)  >  —I  } 

aj*[0,t]  m 


From  Cor.  1  it  follows  that  for  each  k  there  exist  simple  adapted  processes 

m 

V  such  thnt 
r 


\  * '  / 

P-l|m  /  n(x  v  m  -x  V  (s))dM(x,s)  =  0. 

r  a  J  x  [  0 ,  t  ]  r 

Thus  for  each  tn  we  may  choose  r  so  that 

m 


P{  j  n(x  V  (s)  -  x  V  (s)  dM(x,s)  >  __  }  <  1/m  ■ 

1  i  r _  ,  r  om 

aj* [ 0 , t ]  m 

Since  by  Lemma  2.3,  n(x  +  y)  <  4  n(x)  +  4  n(y). 


«JX [ 0 , t] 


n  (x  V(s)  -  x  V  (s))  dM(x,s)  >  — 


<  P{4  /  n(x  V(s)  -XV  m(s))  dM(x,s)  >  *  } 

a  J  x  [  0  f  t  ] 


+  P'4  J  n(x  V  (s)  -  x  V  (s))  dM(x,s)  > 

,  ,  _  ,  r  zm 

aJ  x  [  0 ,  t  ]  in 

? 

<  -1  . 

m  ‘ 


By  the  Borel-Cantelli  Lemma, 


Us  { 


n(xV(s)-xV  (s)dM(x,s)=0  a.s. 


aJx[0, t] 


Q.E.D. 

Corollary  3.  Let  n  >  0  and  let  V(s),  s  0,  be  a  predictable  process  adapted 


to  the  J-fields  A  such  that  for  every  t  >  0 


9 


/  n(xV(s))dM(x,s)<°°  a.s. 

ajx[0,t] 

Then  there  exist  simple  adapted  processes  V^_(s)  such  that 

(a)  V  (s)  =  0  for  s  >  r,  and 

r 

(b)  for  every  t  >  0  /  n(x  V(s)-x  V  (s))dM(x,s)  =  0 

r  uJx[0,t]  r 

a.s. 


Proof.  By  Cor.  2,  for  each  positive  integer  r  >  0  there  exists  a  simple 
adapted  process  V^(s)  satisfying  (a)  and  also  the  condition  that 

P  j  n(x  V(s)-x  V  (s))  dM(x,s)  >  —  }  <^  1/r^. 

aJx [ 0 , 1 1  r  r 

It  follows  from  the  Borel-Cantelli  Lemma  that 

l^m  ;  n(xV(s)-xV(s))dM(x,s)=0  a.s. 

r  a  J  x  [  0 ,  t  ]  r 

which  implies  (b)  since  n( •)  >  0.  Q.E.D. 


Corollary  4.  Let  a  >  0  and  assume  that  V(s),  0  <  s  <  t  Is  a  bounded  nonrandom 
real-valued  measurable  function  on  [0,t].  Then  there  exist  step  functions 
V  of  the  form 


“oho, +  1 


where  0  =t,,  <  t  ,<...<  t, 
0  r  1  k 


=  t  such  that 


(a)  "  V  v  <  ::V!l  , 

p  CO  _ „  CO  1 


(b)  lim  V  (s)  =  V(s)  m  -  a.e,, 

rTo°  r  a 

(c)  U®  j  x2|  V(s)-V  (s)|  dM(x,s)  =  0, 

^  a  J  x  [  0 ,  t  ]  1  r  1 

(3)  11 n  j  |v(s)-V(s)ldM(x,s)=0,  and 

^  ajcx(n,t] 1  r  1 
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P-lim  I  n(x  V  (s)  -  x  V(s))  dM  =  0. 

,1,1  m 

m  »“*  it]  y !  0 ,  t ) 


Define  V'  by  the  equation 
m 


(s)  =  max  (-(m  ^  fl  V 11 JO) »  min  (V^(s),  m  AllVIl^)), 


Then  for  m  >  K,  |v(s)  -  V*(s)  <  V(s)  -  V  (s)  and  hence 

[  m  —  m 


P-lim  j 
mx>°  ajx[0,  t] 


n(x  V*  (s)  -  xV(s))  dM  =  0. 


Now  if  x  <  3  there  exists  n  positive  constant  such  that 


K,  x‘  (V'(s)  -  V  ( s  )  ;  <  n  (xV'(s)  -  x  V ( s ) ) . 

1  m  —  m 

It  follows  by  the  Dominated  Convergence  Theorem  that 


lim  E  / 

aj  x  [  Q  f  t  ] 


x2(V'(s)  -  V( s ) ) 2  dM  =  0 
m 


which  proves  the  Lemma  for  bounded  V. 
For  general  V  define 


Vk(s)  =  max  (-k,  min  (V(s),  k)) 


and  again  use  the  Dominated  Convergence  Theorem  to  see  that 


lim  E  / 
k-*-«>  ajx[0,t] 


x2  (V(s)  -  Vk(s))2  dM  =  0. 


Since  each  is  bounded,  there  exist  simple  processes  such  that  for  each 

k,  i!V;  !1  <  II V.  II  ,  and 

’  k  00  —  k 


aj*(0,  t] 


x2  (V  (s)  -  V^Cs))2  dM  <  1/k. 


(This  follows  from  the  first  part  of  the  proof.)  From  the  elementary 

2  2  2 

inequality  (a+b)  <  2a  +  2b  ,  we  obtain  the  inequality 


and  since  both  terms  on  the  right  converge  In  probability  to  zero, 


P-lim  sup  I  V  dr,  -  Vd c  J  =  0. 
k+°°  0<s<t 

To  prove  the  second  part  of  Property  3  assume  that 

k  If  V(u)  >  k 

V,  (u)  =  <  V(u)  if  -  k  <  V(u)  k 

-k  of  V(u)  <  -k. 

V-. 

Then  by  the  Dominated  Convergence  Theorem 

lim  /  n(x  V  (u)  -  x  V(u))  dM(x,u)  =  0  a.s. 

k ►00  aJx[0,tJ  k 

Clearly  the  V  's  are  integrable  since  V  is  lntegrable  and  n(xV  (u)) 
K  K 

<  n(x  V(u)).  It  follows  by  the  first  part  of  the  proof  that 


P-lim  sup  I  / ®  V  d£  -  V  d<;|  =  0.  Q.E.D. 

k~°  0<s<t  1  ' 

Lemma  2.6:  Let  V  be  lntegrable  over  [0,t]  with  respect  to  e  e  Cq.  If 

E  /  x2  V(s) 2  dM  < 

ajx[0,  t] 


then  there  exist  simple  processes  such  that 

"V  II  =  sup  { I V  (s,uj)|:  0  <  s  <  t,  w  e  52}  <  IIV  ll  Am 

m°°  r  m  ’  —  —  —  <*> 


lim  E  /  x2  (V(s)  -  V  (s))2  dM  =  0. 

m+°°  oJx[o,t] 

Proof.  First  assume  that  HV II  <  K  <  00  where  K  is  some  finite  constant. 

- —  CO  _ 

Since  V  is  integrable  there  exist  simple  processes  such  that 
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P-lim  /  n(xV  (u)  -  x  V  (u))  dM(x,u)  =  0. 

in*00  aJ*[0,t|  m 

The  existence  of  such  sequences  Is  guaranteed  by  Cor.  2  to  Theorem  2.1. 
Theorem  2.2  to  see  that 

p-H.  |/S  vk,. - 11  \  dt|  '  °- 

mx”  0<s<t 

Choose  positive  Integers  tending  to  Infinity  such  that 

P  {  /  n(x  V  (u)  -  x  V,(u))  dM(x,u)  >  1/k}  <  1/k, 

a J  x [ o , t ]  kmk 


p  I  ;o  V  dt  -  •'o  \  d5|  >  1/k>  <  1/k- 

0<s<t  '  Tc  1 


Now  by  hypothesis 


Prllm  !  n(xV  (u)  -  x  V(u))  dM ( x , u )  =  0. 

k  aJ x(  0,  t]  k 

But  by  Lemma  2.3 

n(x  V  (u)  -  x  V(u))  <  4  n(x  V  (u)  -  x  V  (u))  +  4  n(x  V.  (u)  -  x  V(u)), 
km^  —  km^  k  K 

From  the  above  it  follows  that 

P-llm  /  n(x  V.  (u)  -  x  V(u))  dM(x,u)  =  0 

k-»»  cxj*[0,t]  mk 

Use  Theorem  2.2  again  to  see  that 


p-n»  sup  |/;  V  dt-  V  dc|  -  0 
k-*®  0<s<t  k 


Since 


*up  Jo  vk  dc 

0<s<t 


K  v^\  i  0^J  'o  \  dt  -  /o  v% 

+  0<s<t^  V‘ 


/  0 
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1=1,2.  Thus  V  Is  Integrable  with  respect  to  Cl  and  Furthermore  by 

Theorem  2.2 


P-lim  Iq  Vmd C  =  /q  V  d5  ,  1=1,2. 

m^00 

for  0  <  s  <  t.  Now  since  the  V  's  are  simple.  It  Is  Immediate  that 
—  —  m 

fn  V  dC_  =  J®  V  dc.  +  /f  V  dc  ,  a.s. 

'  0  m  3  ■'0ml  ■'0  m  2 

0  _<  s  £  t.  Let  m^00  and  use  the  right-continuity  of  the  sample  paths  to 
complete  the  proof.  Q.E.D. 


Property  3.  Let  V  be  integrable  with  respect  to  £  e  over  [0,t]  and 
suppose  that  {V  }  Is  a  sequence  of  integrable  but  not  necessarily  simple 

processes  such  that 

P-lim  /  n(xV  (u)-x  V(u))  dM(x,u)  0. 

k+°°  oJ  *[  0 ,  t] 

Then 


P”lim  sup  I/®  V  dc  -  /!  Vdd  =  0. 
k-°°  °is£t  1  1 


In  particular  If 


then 


V»> 


k  If  V(u)  >  k 

V(u)  if  -k  _<  V(u)  k 

-k  If  V(u)  <  -  k  , 


P-lim  sup  I/*  V  dc  -  f!;  V  del  =  0. 
k-«o  0<s^t  ’  1 

Proof.  For  each  k  let  m=l,2,...  be  a  sequence  of  simple  processes 


such  that 


n 


P-lim  /®  V  dc  =  /J  V  dc  a.s.,  0<s_<t 

m+0 


and  hence 


fs  c  V 
J0  T1 

+  C2 

Since  the  integrals 

have 

for  all  s  e 

10, tl. 

Property  2. 

Let  Cj 

and 

c,  +  is 

i  2 

in  C  . 

a 

If 

C3  =  h  +  <2 

,  then 

V  is 

A)  C1V1  +  C2  V2dC  ~  C1  f 0  Vl  dC  +  C2  4  V2dC  a*S‘ 


Q.E.n. 


Furthermore 


P{  /q  VdC3  =  Jq  VdCj  +  /q  VdC2,  0  <s<t}  =  1. 

Proof.  Let  denote  the  jump-time  Levy  measure  of  ,  1  =  1,2,3.  Then 

+  M2 .  Now  by  hypothesis, 

/  n(xV(s))  dM-  <  °°  a.s., 

ajx[0,t) 

and  there  exist  simple  processes  such  that 

P-llm  /  n(xV  (s)  -  xV(s))  dM_  =  0. 

m-«o  ajx[0,t]  m 

Since  n(x)  Is  nonnegative, 


f  n(xV(s)>  dM  <  00  a.s. 

a  J  x  [  0 ,  t  ]  1 


P-llm  f  n(xV  (s)  -  xV(s))  dM  =  0  a.s. 

m-*”  ajx[0,t] 


and 


if  Cj  and  c2  are  any  two  real  numbers,  then  is  integrable 

with  respect  to  C  and 

P  (  Iq  c1  Vx  +  c2  V2  dC  =  cx  /J  V1  dC  +  c2  Jj  V2dC,  0<s<t}  =  1. 

Proof.  If  Vj  and  V2  are  both  simple,  this  property  is  obvious.  To  prove 

it  in  general,  let  V  and  V„  be  sequences  of  simple  processes  such  that 

lm,  .dm, 

P-lim  f  n(xV,  (s)  -  xV.(s))  dM(x,s)  =  0 

„  ,  _  ,  im  1 

nr*"  uJx(0,t] 

for  i  =  1,  2.  Then  by  Lemma  2.3  and  the  definition  of  n(x), 
n((x  Cj  +  x  c2  V2)  -  x  ci  Vlm  +  x  c2  V^)) 

£  4  max(c^,|cj|)  n(xVj-  x  V^) 

+  4  max  (c2,  |  c2  j )  n(xV2  -  xV^)  , 
so 

P-lim  /  n( (xCjVj  (s)  +  xc2V2(s))  -  (xc1vim(s)  +  xc2  v2m^s^^  dM  =0* 

Also  by  the  integrability  of  V*  and  V2 

/  n(x  c.  V.  (s)  +  x  c9  V_(s))  dM(x,s)  <  00  a.s. 

aJx[0,t]  11  1  L 

Thus  ciVi  +  C2  V2  is  integrable,  and  furthermore  by  Theorem  2.2 

/ 0  cl  V1  +  c2  V2  d?  =  P-lim  /J  ci  Vlm  +  c2V2m  dc. 

m-*” 

But  since  and  V2m  are  simple, 

Jo  '1  Vl„  +  c2  v2»  dC  •  '1  /o  Vl»  +  C2  fo  v2n, 


Again  it  follows  from  Theorem  2.2  that  for  1=1,  2 


Yet  P-lim  f*T  V  dC  may  not  exist.  For  Instance,  take  V„  5  1  and  V„  -  0. 
nun  Jn  /n+1 

The  proof  of  Theorem  2.2  Is  the  same  as  the  proof  given  by  Kallenberg  for 

his  theorem.  The  only  change  necessary  was  the  adaptation  of  Millar's 

Inequalities  to  the  present  setting. 

bet  C  denote  the  class  of  all  stochastically  continuous  adapted 

OL 

processes  <;(t)  with  Independent  increments,  with  paths  in  D[0,°°),  without  a 
Gaussian  component  and  satisfying  the  conditions 

(1)  C(0)  =  0, 

(11)  E  C(t)  =  0  for  all  t  >_  0, 

(111)  a  (c(t+h)  -  C(t);  h  ^  0)  is  independent  of  A^for  all  t  0, 

and 

(iu)  the  jump-time  Levy  masure  M  of  S  is  concentrated  In 
oJ  x[0,°°). 

Definition.  A  predictable  process  V(s),  s  0,  Is  lntegrable  over  [0,t]  with 
respect  to  (  e  if 

/  n(xV(s))dM(x,s)  <  00  a.s. 

ajx[0,  t] 

If  V  Is  lntegrable,  the  limiting  process  /q  VdC  will  be  called  the 
stochastic  Integral  of  V  with  respect  to  c  and  will  always  be  chosen  so 
that  the  sample  paths  of  the  Integral  lie  in  D [ 0 , t ] . 

We  now  give  some  basic  properties  of  the  stochastic  integral  /*  V  d 


Property  1.  If  and  are  lntegrable  with  respect  to  e  and 
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(2.2)  and  let  (/^  V  dc^)'  be  the  limiting  process  having  paths  in  D[0,“).  By 
considering  the  mixed  sequence  Vi,  V' i,  V2,  V'2,  ...  we  see  that 

fn  VdC  "  ( /5  V  d^  )'  a.s.  for  each  t  >  0.  But  since  the  paths  of  ( V  dt  )' 
J0a  0a  —  '0a 

are  right  continuous, 

p  {  (/<$  V  dca)’  =  /q  Vdca,  t  >  0}  =  1 

Remark.  Theorem  2.2  is  an  extension  of  Theorem  3.1  of  Kallenberg  [2],  In  his 
theorem  Kallenberg  states  the  existence  of  the  stochastic  Integral,  /5  Vd£ , 

under  one  of  the  following  two  conditions: 

(1)  J  n(x  V(s))  dM(x,s)  <  "  a.s.,  and 

Jx  t0, t] 

(ii)  /  lx  V( s) I  A1  dM  (x,s)  <  ®  a.s. 

R  x[0,t]  1  1 

In  Kallenberg' s  setting  z,  has  stationary  independent  increments  so 

d!i(x,s)  =  dMi(x)  ds.  Under  condition  (ii)  the  sample  paths  of  C  are  of 

bounded  variation  over  [0,t]  with  probability  one,  and  so,  as  Kallenberg 

noted,  one  may  simple  use  the  Lebesgue-Stieltjes  integral.  For  this  reason 

condition  (ii)  was  not  extended  to  the  present  setting. 

Theorem  2.2  differs  from  Kallenberg' s  theorem  in  another  respect.  In 

Theorem  2.2  the  Integrating  process  has  jumps  of  absolute  value  not 

greater  than  a.  In  Kallenberg' s  theorem,  no  such  restriction  Is  needed.  For 
example  Kallenberg' s  hypotheses  are  automatically  satisfied  if  M  is 

concentrated  in  J  *  [0,°°).  In  particular  If  V  is  any  process  and  If  is 

any  sequence  of  simple  processes,  then  (i)  holds  and 

/  n(xV  (s)  -  xV ( s ) )  dM(x,s)  =  0. 

Jx[0,t]  n 
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But  g  is  continuous  and  strictly  Increasing  on  (0,“)  and  g(0)  =  0,  so  g 


-1 


continuous  and  strictly  Increasing  on  10,°°)  and  g-1(0)  =  0.  Thus 

P  (oa<J  Vm  ’  V°  ^  (c2>}  <  e*  n,m  “  v 

It  follows  that  for  all  e  >  0  and  all  T  >  0  that 

11m  P  {  sup  I  V  -  V  drj  >  d  =  0 
_  .  -  0  m  n  a 

n^n-*30  0<t<T 

Pick  an  Increasing  sequence  {n^},  positive  Integers  such  that  if  m,n  n^, 
then 

P  {  sup  I  /'  V  -  V  d5  I  >  2~k}  <  2~k, 

0<t<k  1  0  "  n  “I 

and  so  by  the  Borel-Cantelll  Lemma 
P  (li.  Inf  !  sup  I  /'  V  -  V  <15  I  <2_k])  -  1 

k  *  -  0<t<k  1  0  Vl  "k  0,1  - 

Therefore  with  probability  one 

,  k-1 

/nV  d^=I/oV  “V  dC  +  /„  V  dC 

1 0  n,  a  .L.  j0  n..t  n.  a  ;0  n,  a 

k  j=l  j+1  j  1 

converges  uniformly  on  each  bounded  Interval  to  VdCa.  But  since  V  Is 

tc 

simple,  the  paths  of  dCa  lie  In  D[0,°°)  and  consequently  so  do  the 


paths  of  VdZ  .  Furthermore  since 
1 0  a 


sup  If'  V  d(  -  f‘  Vd5  I  <  sup  If'  V  -  V  |+  sup  I  f 5  I  d(  -  (i  Vd5  I, 
0<t<T'  °  m  "  °  a|  0<t<Tl  0  “  "k  a  0<t<T  J°  "k  “  °  a| 

P  ‘  ““  VI  V‘«  -  >0  V  dCn|  '  ° 

m  +  00  0<t<T  '  ' 

which  proves  (2.3). 

Finally,  let  ( t)  be  another  sequence  of  adapted  processes  satisfying 


Is 


P-lim  /  g(x  Vn(s)  -  xV ( s ) )  dM(x,s)  -  0. 

n+«  ajx[0,t] 


Now  g(x+y)  <  4  g(x)  +  4g(y)  (Lemma  2.3)  so 


/  g(xV  (s)  -  xV  (s))  d  M(x,s) 


aJx[o, t] 


P-lim  / 
a ,  m+0°  <xJ  x  [  0 ,  t  ] 


£4  /  g(x  V  (s)  -  xV(s))  dM(x,s) 

a  J  x  [  0 ,  t )  n 

+4  /  g(xV(s)-xV(s))dM(x,s) 

aJx[0,t)  m 


g(xV  (s)  -  xV  (s))  dM(x, s)  =  0 


Now  let  e  be  any  positive  number  and  choose  n^  so  large  that  if  n,m  >_  n^,  the 

3 

P {  /  g  (x  V  (s)  -  xV  (s))  dM(x, s)  >  /32 }  <  e/2 


aJx(0,t] 

Consequently  for  m,n  n^ 

p|  I  g(/o  v»  -  W  1 1/2  i £l 


0<t<T 


<  P{  sup  I  g( /5  V  -  V  dC  |1/,Z  >  e,  /  g(xV  (s)-xV  (s)dM  <  e3/32} 
-  Q<t^T  I  0  m  n  a|  -  Jjx[Q>T]  n 


+  P If  g(xV  (s)  -  x  V  (s))  dM  >  e3/32} 


aJx[0,T] 


<  P{  sup  1/5  V  -  V  dC  I  1/2  >  /  g(xV  (s)  -  x  V  (s)dM+  !■  } 

—  .  J  0  m  n  a  —  2  '  ,  ,  n  m  2 

0<t<T  1  e  ajx[0, t] 


+  -  . 

2 


By  (2.4)  with  p  =  3/e  and  0  =  e/2 


P  {  sup  I  g(  [5  V  -  V  dc  )|  1/2  >  e  }  <  e,  n,  m  >  n„. 


Now  let  T  >  0  be  arbitrary  and  suppose  that  V(t)  Is  a  simple  adapted  process 
of  the  form 


V(t) 


>-  V  I 

i=0 


(t)  +  v0  If0}(t) 


where  0  =  t^  <  t^,  <  ...  <  t^  =  T,  where  Is  A ^-measurable  and  vQ  Is 

A  -measurable.  For  brevity  put  Ac.  =  C  (t.,.)  -  C  (t  ).  We  have 
0  1  a  1+1  a  1 


j-1  3-1 

V  E  [g(V  AC  )  |A  ]  <_  2  l  I  g(V  x)  dH(x,s) 

1=0  1  1  I  \  1=0  aJx(t1,t1+1) 


=2  /  g(V(s)x)  dM(x,s). 

aJx [ 0,T) 

Since  g'  is  concave  and  Increasing  on  [0,“),  Lemma  2.3  of  Kallenberg  [2]  is 
applicable  and  says 


(2.4)  Ptsup  .  n|  g (/*  VdC  )|1/2  >  2  p  /  g(xV(s) )  dM(x,s)  +  0  ) 

1  L  D!  0  “  1  aJx[0,T] 


where  D  Is  any  finite  subset  of  [0,T]  and  where  p  and  3  are  any  positive 

numbers.  Let  {D  }  be  an  Increasing  sequence  of  finite  subsets  of  [ 0 , T ]  such 
n 

that  D'eUD  Is  dense  In  l0,T].  By  monotone  convergence  (2.4)  holds  with  D 
n 

replaced  by  D'.  But  for  simple  V  the  sample  paths  of  Vdc^  are  right- 


continuous  so  (2.4)  holds  with  D  replaced  by  [0,T]. 


Let  V(s)  be  any  adipted  process  such  that  (2.1)  holds,  and  let  V^(s) 

he  a  sequence  of  simple  adapted  processes  such  that  (2.2)  holds.  Since 
g ( x)  <  C2  n(x), 
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If  (V  (s):  n=l,2,...}  Is  any  sequence  of  simple  adapted  processes  such  that 

n 


for  every  t  >  0 


(2.2) 


P  -  lim  / 

n+“  ajx[0,t] 


n(x  Vn(s)  -  xV(s))  dM(x,s)  =  0, 


then  there  exists  a  stochastic  process,  /q  VdC^,  with  sample  paths  in  D[0,° 
such  that  for  every  T  >  0 

(2.3)  P  -  11m  sup { I  ^  V  dr,  -  f*  Vdt  I:  0  <  t  <  T}  =  0. 

'  K  '0na  0  a  — 

_  -Vm  ■  ’ 


Furthermore,  If  (V^(s)  }  is  another  sequence  of  simple  processes  satisfying 
(2.2)  and  if  ( /^  Vd?^)'  denotes  the  corresponding  limit  having  paths  in 
D[0,°°],  then  with  probability  one,  the  paths  of  VdCa  and  °f  ( /q  Vd?a)' 
are  identical. 


Proof.  Let  V^( t)  be  a  sequence  of  simple  adapted  processes  which  satisfies 

(2.2).  Put  g(x)  =  x2/(l+  | x | >  then  according  to  Lemma  2.5  g(x)  <  C2  n(x)  and 
so  for  every  T  >  0 

/  g(xV(s))dM(x,s)  <  00  a.s. 

uJx[0,T] 

Now  g</5)  is  concave  and  strictly  increasing  on  (0,°°)  while  g(x)  is 

convex  on  [ 0 , °°) .  So  by  Lemma  2.4a  If  G(u)  n  E {g(u [ CQ( t+h)  -  Ca(t)])|AtJ 

then  G(u)  <2  /  g(ux)  d(M  .  (x)  -  M  (x)).  Hence  if  Y  Is  any  A  -measurable 
—  aJ  c+fl  c  c 

r. v. ,  then 

E  (g(Y[Ca(t+h)  -  ^(t)])  | \}  ■  G(Y) 

<2  I  g(xY)  dM(x, s) . 

a J  x ( t , t+h ] 
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It  is  necessary  to  apply  this  result  without  the  assumption  of  stationary 
increments.  Such  an  application  may  be  justified  by  observing  that  if  m  is 
any  infinitely  divisible  distribution  with  Levy  measure  v,  then  there  exists 
a  stochastic  process  X(t)  with  stationary  independent  increments  etc  such  that 
the  distribution  of  X(l)  is  u.  Since  Eh(X(l))  and  Eh(X(l)2)  depend  only  on 

the  distribution  of  X(l),  we  may  restate  Lemma  2.4  in  the  following 

alternative  form. 

Lemma  2.4a  Let  Y  be  an  infinitely  divisible  r.v.  with  Levy  measure  v  and 
without  a  Gaussian  component.  Let  h  be  a  concave  strictly  increasing 
function  from  [O,00)  onto  (0,°°)  such  that  h(0)  =  0.  Assume  that  the  support  of 

v  is  contained  in  [-a, a].  If  h(x  )  is  convex  on  (0,°°)  and  if  EY  =  0,  then 

Eh(Y2)  <2  /  h(x2)  v ( dx) . 

2 

Lemma  2.5  If  g(x)  =  -  ,  then  there  exist  positive  constants  and  C 2 

1+lxl 

such  that 

Ci  n(x)  £  g(x)  £  C2  n(x)  x  e  R 

Proof.  Since  n(x)  and  g(x)  are  even  functions,  it  suffices  to  prove  the  Lemma 

for  x  £  0.  Consider  the  ratio,  r(x)  =  — — .  Obviously,  lim  r(x)  =1=  lim  r(x). 

n(x)  x*0  x-*” 

Define  Ci  ^  lnf(r(x):  0  <  x  <  00 }  and  C2  =  sup{r(x):  0  <  x  <  Since  r(x) 

is  continuous  and  never  zero  on  (0,°°),  0  <  Ci  £  C2  <  00 .  Thus 
C1  <  <  c2,  0  £  x  <  ». 

Theorem  2.2.  Let  V(s)  be  an  adapted  process  satisfying  the  condition 

(2.1)  /  n(xV(s))dM(x,s)<°0  a.s.,  t>0. 

ajx[0, t] 
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(e)  11m  /  n(x  V(s)  -  x  V  (s))  dM(x,s)  =*  0. 

r  «Jx[0,t]  r 

Proof.  This  Is  an  obvious  special  case  of  Theorem  2.1  and  Cor  1,  so  no  proof 
Is  given. 

The  stochastic  Integral  of  a  simple  process  has  been  defined  In  the 
introduction.  We  now  consider  the  problem  of  defining  the  stochastic  integral 
of  a  process  V(t)  which  satisfies  the  condition 

j  n(x  V( s) )  dM ( x , s )  <  00  a.s. 

uJ*[0, t] 

We  will  show  that  if  Is  a  sequence  of  simple  processes  such  that  as  r  +  00 

/  n(x  V(s)  -  x  V  (s))  dM(x,s)  +  0, 

aJx[0,t]  r 

then  11m  V  d C  exists  a.s.  Of  course  we  define  [„  Vd£  =  lijm  [„  V  d£  . 
r«o  j  o  r  a  J  0  a  r*°°  J  0  r  a 

We  will  need  a  result  of  Millar  (Theorem  4.1  of  [4])  which  he  obtained 

for  stochastically  continuous  processes  X(t)  with  stationary  Independent 

increments  and  without  a  Gaussian  component.  Assume  that  X(0)  =  0  and  that 

the  sample  paths  of  X  lie  In  D(0,°°].  Let  v  denote  the  Levy  measure  of 

X(l).  Millar  proved  the  following. 

Lemma  2.4  Let  h  be  a  concave  strictly  increasing  function  from  (0,°°)  onto 
(O,00)  such  that  h(0)  =  0.  Assume  that  the  support  of  v  Is  contained  in 
aJ  =  [-a, a].  If  EX(t)  =  0  for  all  t  and  If  h(X2)  is  convex  on  then 

Eh(X( t) 2 )  <  2t  j  h(x2)  v(dx). 

In  the  above  statement  we  have  inserted  the  actual  bound  obtained  by 
Millar  In  his  proofs. 
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E  /  x2  (V(s)  -  V'(s))2  dM 

aJx[0,t] 

_<  2  E  /  x2(V(s)  -  V  (s))2  dH 

ajx[0,t]  * 

+  2  E  /  x2(V  (s)  -  V' (s) ) 2  dM 

aJx[0,t]  *  K 

and  hence 

lim  E  /  x2  (V(s)  -  v*( s))2  dM  =  0. 

k+°°  aJ  x  [  0  f  t  ] 

Since  by  the  definition  of  V.  (s),  If V.  II  <  II VII  ,  II V ,*  II  <  k  A  IIV II  .  Q.E.D. 
Property  4.  Let  4  e  C  and  assume  that  V  Is  lntegrable  with  respect  to  C 

over  (0, t).  If 

E  /  x2  V(s) 2  dM  <  «, 

ajx[0, t] 

then 


E  {/J  V  dd  =  0, 


and 


E  {/5  V  dc ) 2  =  E  {  /  x2  V(s)  dM}. 

3  a  J  x  [  0 ,  t  ] 

Proof.  Let  <+> < u )  =  E  expfiudt)}  denote  the  ch.  f.  of  c(t).  Then 

4>(u)  =  exp  {  /  elux-l-lux  dM  }.  Differentiate  twice  and  evaluate  at  u  =  0  to 


aJ 


see  that  E(c(t)2}  =  /  x2  dM  .  We  use  this  to  first  prove  the  property  In  the 

aJ  C 

case  that  V  Is  simple.  Suppose  that  0  =  t^<  t^<  t2<...  <  t  =  t  and  that 


n-1 


V(s)  ‘  J  V1  Lt  t  1<‘>  +  “o  1(0}(s)' 
1=0  1  'V  i+iJ 


where  Is  -  measurable  and  Wq  Is  A^-  measurable.  Then 


i 
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E  {/Q  V  dC }  =  E  {  V  Vt  (C(t1+1)  -  C^)) 
n-1 

=  l  E  tV.  E  U(t.  +  1)  -  C< t  ) I  A  J} 

1=0  1  1 

n-1 

=  )]  E{V  E  k(t  .)  -  C(t  )}} 

1=0 

since  c(tj+^)  ~  C(t^)  is  independent  of  A^  .  But  C  e  so  Ec(s)  =  0, 

0  <  s  <  t,  and  thus 

E(/J  V  dd  =  0. 

Similarly,  If  Ac£  =  cU1+1>  -  CU^, 

n-1 

E(/n  Vd^2  =  1  E{VJ  (Ac,)2}  +  2  l  E{V  V  AC  Ar  } 

u  1=0  1  1  i<k  l  K  I  K 

0-1  9  2 

=  l  E{V2(Ac  )2} 

1=0 

n-1 

=  l  E{V2  E{(AC . )  I A  }} 

1=0  1  11  C1 

n-1  ? 

=  l  E(V2  /  x  dM} 

1=0 

=  E  /  V(s)2  x2  dM. 

ajx[0,  t] 

This  proves  Property  4  for  simple  V. 

Now  let  V  be  any  integrable  process  satisfying  the  condition 

E{  /  x2  V(s)2dM}  <  Then  according  to  Lemma  2.5  there  exist  simple 

aJx[Q, t] 

processes  V  (s)  such  that 


lim  E  /  x  [V  (s)  -  V(  s )  ]  dM  =  0. 

nr*-00  ajx[0,t]  m 

Since  n(x)  =  x2  A  jxj  x2, 

P-lim  /  n(x  V  <s)  -  x  V(s))  dM  <=  0, 

nr*00  a J  x  [  0 ,  t  ]  m 

so  by  Theorem  2.2  It  follows  that 

/o  v»  «  "  to  v  «• 

Now  Vm(s)  -  V^(s)  Is  simple  so  by  the  first  part  of  the  proof 

El  V  dC  -  f5  V  dd2  =  El  /  x2  [V  (s)  -  V  (s)]2  dM.} 

0  m  0  k  aJx[0, t]  m  k 

The  right  side  tends  to  zero  as  m.k-*00  so  d£  Is  Cauchy  and  converges 

In  L“  norm.  Since  this  sequence  converges  to  V  d£  In  probability,  It 
converges  to  /*  V  d£  In  also.  Thus 


11m  E  l/J  V  d£>  -  E  {/J  V  dd  =  0,  and 
nr*” 

lia  '  (fo  V5*2  '  E  </J  v  do2. 

Therefore, 


El/5  V  dU2  =  11m  E  /  x2  V  (s)2dM  -  E  /  x2V(s)2  dM. 

m-*30  aJx[0,tl  m  ajx[0,t] 

Q.E.D. 

For  Property  5  below  we  need  to  Introduce  the  notation  l <~/q  V  d£  for  the 

pathwlse  Lebesgue-Stleltjes  integral  of  V  with  respect  to  £  over  [0,t] 

Such  an  Integral  Is  defined  when  the  path  of  £  Is  of  bounded  variation  over 

10, t],  and  this  Is  the  case  a.s.  provided  /  xl  dM(x.s)  <  °°. 

ajx[0, t] 


Also  In  Property  5  we  use  the  assumption  that  the  integrand  V  is 
predictable.  The  proof  of  Property  5  below  is  essentially  that  given  by 
Millar  for  his  Property  6  in  (5). 

Property  5.  Assume  that  V  is  lntegrable  with  respect  to  C  £  C^  over  [0,tj. 

Assume  further  that  /  x  dM(x,s)  <  i.e.  that  almost  every  path  of 

a.J  x  [  0 ,  t  ] 

C  is  of  bounded  variation  over  [0,t].  Let  d|c|  denote  the  total  variation 
measure  determined  pathwise  by  c.  If  L-  j V  J  d  J  c  |  <  00  a.s.,  then 

P{/®  V  d?  =  L-  V  d?,  0  <  s  <  t}  «  1. 

Proof.  Without  loss  of  generality  we  may  assume  that  M  is  concentrated  on 
(0,a]x[o,t).  Let  S  denote  the  class  of  all  bounded  simple  processes  and  let 
H  denote  the  class  of  all  bounded  lntegrable  processes  satisfying  Property 
5.  Then  S  is  a  vector  space  with  the  property  that  if  f  and  g  are  any 
two  elements  of  s,  then  f  A  g  £  S.  H  is  also  a  vector  space  of  functions 
defined  over  ft  x  (0,t]  and  contains  S.  Let  be  a  bounded  nondecreasing 
sequence  of  functions  in  H  which  converges  to  V.  Then  by  the  Dominated 
Convergence  Theorem 

lim  E  {  /  x2  (V(s)  -  V  (s))2  dM(x, s) }  -  0. 

m+oo  ajx[0,t] 

From  Property  A  it  follows  for  0  <C  s  <  t  that 

E  {  (/®  V  dC  -  V  dO2)  <  E  {  /  x2  (V  (s)  -  V(  s ) )  2  dM  ( x ,  s )  } 

0  m  0  "  aJx[0,t]  m 

+  0  as  m  +  00 . 

That  is,  /*  V  dc,  converges  to  /?  V  dC  in  L2(ft)  for  each  s  e  [0,t].  On  the 
j  rn  u 

other  hand 
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lim  L_  In  v  d5  =  L~fn  V  dc  a.  3.,  0  <  s  <  t.  Thus 
/g  V  d;  =  L-/J  v  de,  0  _<  s  <  t, 

and  since  both  integrals  have  right  -  continuous  paths,  equality  holds 
simultaneously  in  s  e  [0,t]  outside  a  null  set.  This  proves  that  H  is 
closed  under  bounded  nondecreasing  limits.  By  the  remark  following  T  20  of 
Meyer  [3]  (Chapter  I)  H  contains  all  bounded  predictable  V.  Now  let  V  be 
nonnegative  and  predictable.  Define 

p  if  V(s)  >  p 

V(p)(s)  =  * 

V(s)  if  0  £  V(s)  _<  p. 

/  \ 

Then  for  each  p,  p  c  H,  and  so 

JJ  V(P>  d 5  -  L -/*  V  (p)  dC. 

Now  according  to  Property  3 

P-lim  sup  1/J  V(p)  d?  -  J®  V  del  -  0. 
p-w  0<s<t  1  1 

Write  e(t')  *  T(t')  -  m(t')  where  the  sample  paths  of  X  are  nondecreasing  and 

where  m(t')  =  /  xdM(x,s).  By  the  Monotone  Convergence  Theorem 

[0,a]x[o,t‘] 

lim  L-  /!  V(p)  d  1  =  L-  V  dc  a.s.  and 

p+°o 

lim  L-  /!  V(p)dm  =  L-  /?  v  dm  a.s. 

p>°° 

Since  dkl  =  T  +  dm  and  since  by  hypothesis 
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L-  /J  V  d|c|  <  *  «•».. 

L-  Jq  V  dC  <  ”  a.s.  and  L-  V  dm  <  “  a.s. 

Hence  lim  L-  /®  V(p>  dc  =  I-  /®  V  dr„  0  <  s  <  t.  Consequently 

p+0° 

Iq  V  dc  =  11m  /g  V(p)dC 

p+oo 

=  11m  L-  J®  V(p)dC 

p+oo 

=  L-  Iq  V  dC,  0  <  s  <  t. 

Since  both  V  d C  and  L-  V  dc  have  right-continuous  paths 

P  {/®  V  dS  =  L-  /®  V  dC,  0  <  s  <  t}  -  1. 

This  proves  Property  5  for  nonnegative  V.  For  general  V,  the  Property 
follows  from  the  decomposition  V  -  V  -  V  .  Q.E.D. 

Property  6.  If  c  e  C  ,  If  V  Is  lntegrable  with  respect  to  C,  and  If 

E  /  x2  V(s) 2  dM(x,s)  <  ”,  then  VdC  and 

aJx  [0,°°] 

(/}  VdC )2  -  /  x2  V( s) 2  dM(x, s)  are  martingales. 

!  aJx[0,t) 

Proof.  We  first  prove  that  property  6  holds  for  simple  V.  Let  0  £  r  <  t. 
Since  V  is  simple,  there  exists  a  partition  0  =  tQ  <  t^  <...<1^  =  t  of  [0,t] 

k-l 

such  that  V(p)  -  /  V.  I,  i(p)  +  vn  ^  ^or  ®  —  P  —  C*  ^ere  “ 

1-0  1  ^i^i+l1  0  1  1 

measurable.  We  add  r  to  the  partition  If  necessary  so  that  r  =  t^  for  some 
j  <  k.  Set  Act  =  C(t1+1)  -  C(tt),  Et(*)  =  E(  •  |A^),  and  Tt  = 
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0 
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and  for  i<m<j, 


Thus 


E,(V,  Vm  =  V  AC,  V  Ac. 

j  1  1mm  1  1mm 


k-1  m-1  j-1  m-1 

E,(  }'  l  V,  Ar  V  Ac  )  =  }'  }'  V,  Ac,  V  Ac 

1  .  j  n  1  1  m  m  .Ln  1  M  m  n 

J  m=l  1=0  m=l  1=0 


From  the  above  we  get  the  equation 


E.(fn  Vdc)2  =  E  J  x2  V(s)2dM(x,s) 

3  aJx(r,t] 

j-1  2  2  j-1  m_1 

+  S  V1  (4‘l>  +  2  y  i  V1  V‘, 

1=0  m=l  1=0 


x2  V(s)2  dM(x,s) 


=  E  J 

J  aJx(r,t] 

+  (/J  vdc)2. 

From  this  we  see  that 

E  [(/5  VdC)2  -  /  x2V(s)2dM(x,s) ]  =  (/?  Vdc)2  -  /  x2V(s)2dM(x,s) 

ajx(0,t]  aJx[0,r] 

t  2  2  2 

which  proves  that  ( /_  Vdc)  -  /  x  V(s)  dM(x,s)  Is  a  martingale. 

ajx[0,t] 

Now  consider  a  general  process  V(t)  such  that 

E  /  x2V(s)2  dM(x,s)  <  00 . 

aj  x[0,°°) 

Then  according  to  Lemma  2.6  there  exist  simple  adapted  processes  V  (t)  such 

m 

that. 


11m  E  /  x2  (V(s)  -  V  <s)]2  dM(x,s)  =  0. 

m 


m-*®  ajx[0,°°) 

By  Property  A, 


e  (j£  vdc  -  /q  Vc)2  =  E  /  x2  tv(s)  "  vm(s)!2  dM<x»s), 


ajx[0, t] 


and  consequently 


not  greater  than 
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2  E  J  x2  V  (s)  2  +  x2  V( s) 2  dM ( x , s ) 
aJx[o,t]  m 

which  Is  bounded  since  it  converges  as  m  +  “.). 

3.  The  Integral. 

In  this  section  the  stochastic  integral  Vdc  is  defined  for  general 
processes  C  using  the  decomposition  C  =  b^  +  Ca  +  C^.  This  decomposition 

is  not  unique  so  it  is  necessary  to  show  that  the  integral  is  independent  of 
the  choice  of  the  decomposition.  (See  Theorem  3.1.) 

Def lnitlon.  Let  V(s),  s  _>  0,  be  a  mensurable  predictable  stochastic  process 
adapted  to  the  o-fields  { A ^ :  t  >_  0).  We  say  that  V  is  integrable  (with 

respect  to  c)  over  [0,T]  if  for  some  ot  >  0 

(a)  j  n(x  V(s))  dM(x,s)  <  00  a.s.,  and 
aJx[Q,T] 

(b)  /  |v(s)|db(s)<°°  a.s.. 

[  0 ,T ]  1  1  a 

If  V  is  as  above,  we  define  the  stochastic  integral  /q  Vdc,  0  £  t  <_  T, 
by  the  formula 

/J  VdC  =  /  Vdb  +  lim  /5  V  dC  +  /J  VdC * 

'0  ro.i  “  ^  0  r  a  J0  * a 

[0,t!  r+0° 

where  V^  is  a  sequence  of  simple  functions  satisfying  the  condition. 

11m  /  n(xV(s)  -  x  V  (s))  dM(x,s)  =  0. 

r*~°  oJ*[0,T]  r 

According  to  Cor.  3  of  Theorem  2.1  such  a  sequence  exists,  and  according  to 
Theorem  2.2,  any  two  such  sequences  lead  to  the  same  limit,  VdCQ,  except 
for  a  set  of  paths  having  probability  zero.  The  third  term,  Vdc^,  is  the 
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usual  Lebesgue-Stleltjes  Integral.  It  exists  a.s.  since  with  probability  one 
the  paths  of  C'  are  step  functions  with  finitely  many  jumps  in  every  bounded 
interval. 

As  defined  above  the  Integral  depends  on  a  >  0.  Clearly,  if  V 
satisfies  condition  (a)  of  the  definition  for  some  particular  a  >  0,  then  for 
any  6  e  (0,o),  it  will  satisfy  condition  (a)  with  a  replaced  by  3.  It  Is 
therefore  necessary  to  show  that  the  integral  does  not  depend  on  the  choice  of 
a  >  0  for  which  (a)  holds.  Temporarily  we  denote  the  stochastic  integral  as 
defined  above  by  a  ~  Jq  VdC  to  indicate  the  possible  dependence  on  the  choice 
of  a. 

Theorem  3.1  Suppose  that  V  is  both  a-  integrable  and  B~  integrable  over 
[0,T] .  Then 

a  -  /J  VdC  =  B  -  /JvdC,  0  <  t  <  T,  a.s. 

The  exceptional  set  does  not  depend  on  t. 
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L  -  to  vd<r-6  -  ■  / 0  vd<t;  -  S'  -  >o  Vd(bs  -  ba>-  Tbus- 

/o  vd(S  '  '«>  ■  <0  vdK  -  S'  -  >o  Vd<bs  -  b«>  “"d  he"“ 

8  -  !o  Vdc  ‘  lo  vdba  +  fO  VdS  +  lo  VdS  '  “  ‘  / 0  V« 

Since  both  sides  are  right-continuous  in  t, 

P  (6  -  /J  Vdr,  =  a  -  /*  Vd4,  °<t<  T }  =  1 . 

4  A  Complex-valued  Martingale. 

Let  V  be  an  integrahle  process  and  let 

Z(t)  =  exp  { iu /5  Vd4  -  /  ^(x.uVCs) )  dM(x,s)  -  iu  Vdb^l 

R  x[0, t]  a 

where  a  >  0  and  Y  (x,w)  =  eixW-l  -i  I  T(x)  xw.  In  this  section  we  show 
a  ’  aJ 

that  Z(t)  is  a  martingale  under  a  certain  moment  condition  (Theorem  4.1.). 
This  result  generalizes  Prop  3.1  of  Rosinski  and  Woyczynski  [9]  which  they 
used  to  establish  an  "inner  clock"  for  symmetric  p-stable  motion. 

Lemma  4.1.  Let  V  be  a  integrable  process  bounded  on  $2  x  [0,t]  and  adapted 

to  the  a-fields  A^.  If  /  |x|dM(x,s)  <  ”,  then 

aJCx[0,t] 

E  ft  VdC’  =  E  /  xV(s)  dM(x,s). 

1 0  a  J 

aJCx[0,t] 

Proof.  Let  B  >  a  and  set  A  =  [-6,  -a)  [J  (a, (3).  Put  C’  (t)  =  C’(t)  -  C’(t) 

- - —  CXp  OC  p 

and  X(t)  =  (t)  -  /  x  dM(x,s)  so  that  X  e  C  .  Since  V  is  bounded, 

aB  Ax[0,t]  B 

V  isintegrable  with  respect  to  X.  Furthermore  the  Levy  measure  of  X  is  the 
restriction  of  the  Levy  measure  of  C  to  Ax[0,t].  The  hypotheses  of 
Property  5  are  satisfied  and  so 


\  \ 


*  'JL  !-» 


J 
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L  -  /J  VdX  =■  /*  VdX. 

But  L  -  /5  VdX  =  /!"  VdC'  -  /  xV(s)  dM(x,s).  Hence 
°  °  Ax [ 0 , t] 

E{/^  VdX}  =  E{/^  VdC'  }  -  E  {  /  xV(s)dM(x,s) 
U  U  aB  Ax[0,t] 

But  by  Property  4,  E  VdX  =  0,  and  thus 

E  /J  Vdr,(’^  =  E  /  xV  ( s  )  dM (  x ,  s  )  . 


Ax [ 0 , t ] 


Since  the  paths  of  have  at  most  finitely  many  jumps  in  [0,t], 


C«  <*•  ,0)  =  r'a8(  * ,a)) 


for  sufficiently  large  B  depending  on  w.  Since  Vdf;^  and  Vd£^  are 


defined  pathwise, 


to  vk  <“>  -  /o  v<k;8  <“> 


for  sufficiently  large  B.  Thus 

to  vKe  -  to  VK- 

But  also  if  k’  and  k*  denote  the  total  variation  measures  of  C'  and  C' 

I  aB|  !  a|  aB 

respectively,  and  if  G  is  an  upper  bound  for  |v|, 

|/J  Vc1^b|  £  C  l^aBh10^0  £  C  K|  Hence 

E  K  vdcae|  <  c  e{KI  (E0*t])} 


=  C  / 

a  J  x  [  0 ,  t  ] 

Thus  by  the  Dominated  Convergence  Theorem, 


E VdG '  =  lim  E  J*  VdC’ 
0  «  p>.  0 


x  dM(x,s)  <  <*>. 
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=lim  /  xV(s)dM(x,s) 

ft  ♦°°  Ax  [  0 ,  t  ] 

=  /  xV(s)dM(x,s). 

aJCx[ 0, t] 

Q.E.D. 


Corollary.  Let  V  be  a  bounded  lntegrable  process. 

If  i  |xldM(x,s)  <  then  E  I/!?  Vd  t,  *  I  <  E  /  I  xV(s)  I  dM(x,  s) . 

aj£[0,  t]  11  1  °  "  cjSlO.tJ1  1 

Proof.  For  each  w  /^VdC^  is  an  ordinary  Lebesgue-Stleltjes  Integral  and  so 


where  dlc'l  denotes  the  total  variation  of  d^'.  Let  Y+(s)  and  -Y  (s)  denote 
|  a  |  a 

the  sum  of  the  lumps  of  V  which  occur  In  [0,s]  and  have  positive  and  negative 

a 

-|-  —  +  “ 

magnitudes  respectively.  Then  z,'  =  Y  -  Y  and  as  Is  well-known  Y  and  Y  are 

both  stochastic  processes  with  Independent  Increments  and  right-continuous 

paths  which  are  step  functions.  The  jump-time  Levy  measures  of  Y+  and  Y  are 

m|.  .  r„  .  and  M~ I  .  ,  ln  N  where  M-  Is  defined  by  the  equation 

I (a,®)  x  10,”)  |(a,«]x(0,») 

(D^  x  D2>  =  MCC-D^)  x  Dj ) .  Furthermore,  d|f^|  =  dY+  +  dY  .  Thus  by 
Lemma  4.1, 

E|/J  vd^|  <  E  Jo  |V|  dY+  +  E  IS  |V|  dY" 

=  E  /  xjv(s) j  dM(x, s) 

(a,”)  x  [0, t] 

+  E  /  x|v(s) |  dM"(x,s) 

(a ,°°)  x  [ 0,  t) 

-  E  f  Ixl  I V( s ) I  dM(x,s) 

aA(0,tl  1,1  1 

Q.E.D. 
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This  proves  the  lemma  for  simple  V. 

Next  assume  that  V  Is  bounded  over  [0,t]  and  let  be  a  sequence 

of  simple  processes  such  that  IIV  <_  UVII^, 

lim  {  x2|v(s)  -  V  (s)ldM(x,s)  =  0  a.s.,  and 

r+°°  ojx(0,  t] 

11m  /  n(xV(s)  -  xVr<s))dM(x,s)  =  0. 

r+oo  a  J  x  [  0 ,  t  ] 

Now  a  Taylor  series  expansion  shows  that  If  (x,0,^)  Is  confined  to  a  compact 
3 

subset  of  R  ,  then 

|^0(x9)  -  '^q  ( x  <{> )  |  =  Jelx°-lx0  -  (elx<f>-ix0)  j 

<  kx2  |  0  -  4>  | 


where  the  constant  k  only  depends  on  the  compact  set.  Since 
:iV  ■  <  ll VU  <  00 .  we  obtain  for  each  u  e 

J-  00  —  CO  7 

/  U  (x<u,V(s)>)  -  <x<u,V  (s)>)  |dM(x,s) 
a  J  x  [  0 ,  t  ]  0  u  r  | 

<  /  kx 2 ll u « *  nv(s)  -  V  <s)«dM(x,s). 

aJx(0,t]  r 
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(The  last  equality  follows  from  the  Dominated  Convergence  Theorem  since 


M(aJx[0,t])  <  “.) 


Q.E.D. 


Prop,  5.3.  If  ( x )  =  e  -  1  -  lx,  then  for  each  w  *  0,  there  exist 


positive  constants  c^  and  c 2  such  that 
Cjn(x)  £  |t;>0(xw)|  <  c2n(x), 


x  e  r  . 


Proof.  Observe  that  as  x  0  |i|)q(xw)|  X  ^ -  a 

lim  „2/2. 


XZW2  2 

— and  n(x)  — '  x'1  so 


lim  4---'--: 
x+O  n(x) 


Also  observe  that  as  |x|  +  °°,  |i|>q(xw)|  ~  |xw|  and  n(x)  /^|x|,  so 

Urn  =  Iwl. 

I x I  -►0O  n(x) 


Furthermore  ’^(xw)  =  0  Iff  Re  i^(xw)  =  0  and  Im  i^(xw)  ■=  0.  That  Is, 
Vq(xw)  =  0  Iff  cos(xw)  =  1  and  sin  (xw)  =  xw.  The  last  two  conditions  are 
equivalent  to  xw  =  0,  i.e.  x  =  0  (sin  x  <  x  If  x  >  0  etc).  Thus  since 
|^Q(xw)j  and  n(x)  are  continuous  functions  there  exist  positive  constants 
Cj  •=  c  ^  (w)  and  c2  =  c2(w)  such  that 


C1  1 


^o(xw) 

n(x) 


<_  c2 . 


Q.E.D. 


Lemma  5. A.  Let  V(s)  be  a  nonrandom  Borel  measurable  Revalued  function  on 


[0,t]  such  that 


/  n(xllV(s)  H)dM(x,s)  < 
mjx[0, t] 


Then  for  all  u  c 


l<c,/^dr,a> 


=  exp  (  /  <J>n(x<u,V(s)>)dM(x,s) } 

aJxfO, t] 


where  .„(x)  =  e  -  1  -  lx. 
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Consequently, 


/’jvdC'  =  11m  /^Vd; '  „ 
0  «  0  a»^ 


Ku,/Jvdr;> 

E  e  =  11m  E  e 


=  llm  exp (A/  . n  ,eIx<U,V^>-l  dM(x,s>} 

H~>  V1  ,t! 

=  exp(  /  elx<u,V(s  )>_j,  ( x ^  s )  ,  # 


a  J  x  ( 0 ,  t  ] 


This  proves  the  lemma  for  bounded  V. 


Now  suppose  that  V  Is  not  bounded.  Let 

r  k  if  V(s)  >  k 


Vs>  ■ 


V(s)  If  -k  <  V(s)  <  k 
-k  if  V(s)  <  -k. 


Then  lim  V  (s)  =  V(s)  for  all  s  c  [0,t).  Let  T.  denote  the  time  of  the 
K  J 

j th  jump  of  in  [0,t]  and  let  Ar’^Tj^  denote  the  magnitude  of  the  j th 

jump.  Since  ^  has  finitely  many  jumps  in  [0,t] 


;0W,-  =  );  v(t  )ac;(t  > 
j 

* 

-  ii™  i  wa^;(1v 

k->00  j  3  J 

=  lim  /5v.  c*. 
k-*"30 


(a  finite  sum) 


Hence, 


i<u,  /5v d4#>  i<u,  /Jv  de*> 

_  ’  '  0  a  .  0  k  a 

E  e  =  lim  E  e 


=  llm  exp  f  / 

k>”  a J  C  * ( 0 , t ] 


;ix<u,Vk(s)>_1  dM(x>s)} 


,  f  ix<u,V(s)>  .  .  .  \ i 

=  exp  t  J  e  -1  dM(x,s)l. 


«J  «(0,tj 


It  follows  that 


11m  Ee 
n+°° 


/JW. 


=  llin  exp{  /  e 
n-^30  Ax  [0,  t] 


ix<u,  V  (s)> 


-ldM(x, s) 


r  f  ix<u,  V(s)> 


That  Is, 


l<u,  /5vdC  „> 

J  0  a ,  B  .  c 

he  =  exp  l  J 


ix<u,  V(s)> 

e  -1  dM(x,s)}. 


Ax[0, t] 


Q.E.D. 


Lemma  5.2.  Let  V(s)  be  a  nonrandom  Borel-measurable  Revalued  function  on 

[0,t].  Then  for  all  u  £RP 

l<u,  /J  VdS*  >  lx<u,V(s)> 

E  e  01  =  exp{  /  e  -1  dM(x,s)}. 

aJCx[0, t] 

Proof.  We  first  prove  the  lemma  under  the  assumption  that  V  Is  bounded  over 
[0, t] .  Let  B  be  any  positive  number  greater  than  a  and  set 
Ag  =  [-6,  -a)  (a,Bl.  Then  according  to  Lemma  5.1 

KujfvdC  ix<u,V(s» 

Ee  U’  =  exp {  /  e  -ldM(x,s)}. 

A0x[O,t] 

Since  the  sample  paths  of  have  finitely  many  jumps  in  [0,t], 

s » w)  *  Ca,B^S,UJ^  °  -  S  -  C 

for  3  >  Sn(A)).  It  follows  from  the  pathwise  definition  of  /5vd c ’  and  of 

0  J  0  a 

/^VdC^  p  as  the  usual  Lebesgue-Stleltjes  Integral,  that 

/oVdci(w)  =  ^0VdCa,B(,o)*  3  >  Po(a))‘ 


Hence 


so  | u |  is  a  finite  measure.) 
Then 


E,‘ i<“- 

<  El<u’  <ot,dt.,(>  - <"’  Owl 

=  e|<u,  J*  v-v  d?'  „>| 

I  7  J  0  n  a,  v>  | 

<  flu  If  *  E  Ilf!?  V-V  d£'  « 

—  0  n  a,  B 

But  according  to  an  obvious  extension  of  the  corollary  to  Lemma  4.1, 
r  t 


E!t/*  V-V  d?'  -#  <  /  Hx(V( s)-V  (s>>  iidM(x.s), 

U  n  Ax{ 0 ,  t ]  n 


and  hence 


lim  E  .1  / !r  V-V  dC'  II  »  0. 


n-*°° 


0 


n  a,  0 


Thus 


„  1<U-  ^0Vd<'a>B>  „  „ 

Ee  =  lim  Ee 


1<u-  Ow 


n+® 


On  the  other  hand  by  the  first  part  of  the  proof 

Ku,  /!  V  dC'  fl> 

J  0  n  a, B  r 

>  *  exp  1 


Ee 


,  r  ix<u,V  (s)>  , ,M/  , , 

exp  l  j  e  n  -ldM(x,s)} 

Ax[0,t] 


Now  similarly, 

/  «(,,,)  -  /  elx<»,V(.»_i  dM(x>s,| 


Ax [0, t] 


<  J 

Ax  ( 0 , t] 

<  / 

Ax[0, t) 


Ax[0, t] 

ix<u,V  (s)>  ix<u,V(s)> 
n 

s  -  e 


dM(x, s) 


x  ♦ " u  II •  !IV  (s)-V(s)  lidM(x,s) 
n 


+  0  as  n  >  “>. 


46 


^a,3(s>  "  ^{A^a(Tj>:  0  <  Tj  <  8  and 


a  <  4C‘(T.)  <  B). 

a  j  - 


Lemma  5.1.  Let  V(s)  be  a  bounded  Revalued  nonrandom  Borel-measurable 
function  on  [ 0 , t ] .  Let  B  >  a  and  put  A  =  (-B,-a,)  (J  (a, 3],  Then 


Ee 


exp  {  /  elx<'u*V(s)>_j  dM(x,s)}. 
Ax[0, t] 


Proof.  First  suppose  that  V(s)  Is  a  simple  process,  say 

k-1 


V  =  vnI 


0(0} 


+  ^  V1I(t  t 

4=n  J  'c4*ch 


1 


j=0  ■>  '  j*  j+1 

where  0  =>  trt  <  t,  <  t_  <  . . .  <  t.  =  t.  Since  c  a  is  right-continuous  and 
0  12  k  a,  B  e 

since  C^g(0)  ®  0, 

Jo^a.B  =  ^0VjAjCa,B 

where  Ac’  a  -  V  fl(t , . . )  -  £  0(t.).  By  independence  of  Increments, 

j  a,  B  Qt,p  j+1  a,p  ] 


Ee 


i<u,/Svdc;>e>  .  YEe1<u’vJ>Aj^,B 

j*0 


k-1  ,  ,  ix<u,V4> 

=  II  exp{  /  e  J  *1  dM(x,s)} 


j=0  Ax(tj,tj+1] 
k-1 


=  II  exp{  /  eix<u,V(s)>_^  <jji(x,s)} 


j=0  Ax^tj,tj+1^ 

This  proves  the  Lemma  for  simple  V. 

Now  let  V  be  any  bounded  Borel-measurable  function  on  1 0 , t ]  and 


choose  simple  V  such  that 
n 

lim  /  ] x I  •HV(s)  -  V  (s)lldM(x,s)  -  0. 

n-~  Ax[0, t]  1  n 

(This  is  possible  since  step  functions  are  dense  in  L ]( [0, t] , | w| ) 

where  I p I (D)  =  /  |x|dM(x,s) 

1  1  AxD  1 


5.  Characteristic  Functions  and  Independence 


Let  Vj(s),  ....  ^^(3)  be  nonrandom  Borel-mensurable  lntegrable 
functions  on  [0,°°).  In  this  section  we  compute  the  joint  ch.f.  of 
J^VjdC,  >•.)  pd^  and  establish  necessary  and  sufficient  conditions  for 

Ai(s) 

these  integrals  to  be  Independent  r.v.’s.  Let  V(s)  = 


,  and  let 


Vp(s) 


<u,v>  denote  the  usual  Inner  product  of  two  vectors  u  and  v  In  R  ,  and 
1/2 


let  Hull  =  <u,v> 


be  the  Euclidean  norm.  Since  each  V  Is  lntegrable, 


there  exists  a  >  0,  and  simple  R  -valued  functions 

kr 

v(r)(s)  =  Vto>  +  1  V(t  t  ] 

lu'  j=0  3  *  rj * r,  j+1 
t,  such  that 


where  0  =  t  _  <  t  ,  <  . . .  <t  . 

rO  rl  r,k 


P-llm  /  n(xV(s)  -  xV^r^(s))dM(x,s)  =  0. 

r-*°°  aJ*(0,  t] 

Let  Ca(s)  33  ba(s)  +  +  denote  the  corresponding  decomposition 

of  the  process  C(t).  Since  V  Is  nonrandom  and  since  the  processes  and 

are  Independent, 


Ee 


l<u,  fjjv AO  Ku,ba(t)>  Ku,/Jvdca>  l<u,/£v<UJ> 

=  e  Ee  *E  e 


l<u,  j£vdCa>  Ku,  Jjv dca> 

We  will  first  compute  Ee  and  then  Ee 

1<U, 

To  compute  Ee  we  will  use  a  truncation  argument. 

For  H  >  a,  define  C  fl(s)  to  be  the  sum  of  those  jumps  of  c  which  occur 

a,  p 

In  the  time  interval  [0,s]  and  have  absolute  value  In  (a,  g] .  That  Is, 
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Cor.  (Roslnski  and  Woyczynskl)  Let  c(t)  be  a  symmetric  p-stable  motion 
(l.e.  C(t)  has  stationary  Independent  Increments  and  c(l)  Is  symmetric  and 
stable  with  Index  p)  where  1  <  p  <  1.  Let  V  be  an  lntegrable  process 
such  that 

E  exp  (r  Jq  |v(s)jpds}  <  00 
for  every  r  >  0  and  t  >  0.  Then  for  every  \  e  R 

Z(t)  =  exp { 1A  |J  V  dc  +  |X|P  /q | V ( s ) | Pds  } 

Is  a  complex-valued  martingale. 

Proof.  Since  C(t)  Is  symmetric  b  (»)  =  ®  and  by  well-known  formula 

for  the  ch.f.  of  a  symmetric  stable  law  (dM(x,s)  =  |x|  P  *dxds) 

J  4'a(x,XV(s))  j  x |  P  *dx  *  |  X  j  P  |v(s)  j  P 

R 

and  so  Z(t)  above  Is  the  same  as  the  Z(t)  defined  In  Theorem  4.1.  A 
straight-forward  calculation  shows  that  If 

E  exp  {r  /q j V<s) j pds >  <  « 

for  every  r,  then 

E  exp  {  j  n(xV(s) )  I  x|  P  *dx  ds  }  <  00 

ajx[0, t] 

for  some  a  >  0.  Q.E.D. 


43 


If  x  e  aJC, 

|*a(x,uVp(s))|  =  |eixuVP(s)-l|  <2. 

Thus  j ^a(x,uVp(s)) |  £  n(xuV(s))IaJ(x)  +  2I^c(x),  and  the  right  side  Is 
lntegrable  with  respect  to  M  a.s.  Then  by  the  Dominated  Convergence 
Theorem, 

lim  /  ^  (x,uV  (s))dM(x,s)  =  /  (x,uV(s))dM(x,s) 

p-*-00  R  x[0,t]  P  R  * [ 0 ,  t]  a 

Consequently, 

11m  Z  (s)  =  Z(s)  a.s. 

p-<=°  p 

In  order  to  conclude  that  Z(s),  0  £  s  <  t  Is  a  martingale,  It  suffices  to 

II  CD 

Zp(s)j}p_^  Is  bounded  above  by  a  r.v.  having  finite  expectation 

since  we  may  then  again  Invoke  the  Dominated  Convergence  Theorem.  But 

I Z  ( s ) I  =  exp  {  /  1  -  cos(xuV(r))dM(x,r) } 

1  P  1  R  x[0,s] 

Now  lim  ■  i-  u2,  11m  *  C°ru\—  =  and  this  ratio  Is  continuous  in 

0-0  2  0-h» 

0  so  there  Is  a  constant  c  =  c(u)  such  that  1  -  cos(u0)  cn(0).  It 
follows  that 

/  1  -  cos(xuV(r))dM(x,r)  £  /  c  n(xuV(r))dM(x,r) 

R  x[0,s]  ajx[0, t] 

+  2M(aJCx[0, t] ) 

Thus 

|z  (s)|  <  e2H(aJC,l0,t]).eC  j'aJ,[0,t]n(’"‘V(r))dM(’'-r) 


By  hypothesis  the  right  side  has  finite  expectation  and  so  Z(s),  0  <_  s  £  t 
is  a  martingale.  Q.E.D, 


Again  the  convergence  is  bounded  since  1  -  cos  6  £  min(2,9  /2)  so 
2  2 

|z  (s)|  <  exp  {^_ —  /  x2dM(x,s)  +  2M(JCx[0,s]) }.  It  follows  that  2 

1  P  1  Jx[0,s] 

is  a  martingale.  Q.E.D. 

Theorem  4.1.  Let  V  be  an  integrable  process  which  satisfies  the  condition 
that 

E  exp{  /  n(xV(s))dM(x,s)}  <  ® 
ajx[0,  t] 

for  some  a  >  0.  Then  the  random  variables 

Z(s)  =  exp  (iu  /*  Vd£  -  /  i|>  (x, uV(s) )dM(x,s)  -  iu  /5vdb  } 

0  Rx[0,s]  “  U  “ 

form  a  martingale  over  the  o-fields  0  £  s  t. 


Proof.  Define  processes  by 


Vs>  - 


According  to  Lemma  A. 3 


p  if  V(s)  >  p 

V(s)  if  -p  <  V(s)  <  p 

-p  if  V(s)  <  -p 


Z  (s)  a  exp { iu/5v  d£  -  /  +  (x,uV  (s))dM(x,s)  -  iu  /5vdb  } 

P  °  P  R  x(0,8]  P 


/S  rS 

qV  dCQ  ■  J^VdC^,  a,s*  And  a^-so 


/S  r  8 

0  V  ^a'  =  •'0  V<^a  s*nce  f°r  every  w  the  integrals  with  respect  to 
p-M»  P  01 

C’  are  finite  8ums.  Thus  lim  V  dC  =  /5vdC.  To  see  that 
a  _  U  p  U 

p+oo 

/  (x,uV  (s))dM(x,s),  converges  a.s.  to  /  <J>  (x,uV(s)  )dM(x,  s) , 

R  x [0, t]  “  P  R  x[0,t]  a 

we  need  to  bound  the  quantity  j ^a(x,uVp(s))  j  by  an  integrable  function 
relative  to  M.  Note  that  |e^~  ^  ~  lo|  1  (l/2)62  202  and  also 


|el  -  1  -  1G  |  <  |e  -  l|  +  |  0 1  <  2 1 0 1 .  Hence  |e  -  1  -  i  6 1  <  2n(9),  so 

|i|>a(x,uV  (s))|  <  n(xuVp(s)) 

<  n(xuV(s))  if  x  c  aJ. 


V*  |  ■  ■  *  I  1  ■  ^  «  I  ' 


v  l  *  i  ■  n  ■  >.  ■ 
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11m  E  /  lif'  (x,uV(s))-  <J>  (x,uV  (s))|dM(x,s)  -  0 
r*«  BJxlO.t]1  °  a  r  | 

and  so 

P-llm  /  (x,uV  (s))dM(x,s) 

r*°°  BJx[0,t)  a  r 

=  /  4*  (x,uV(s))dM(x,s). 

t3Jx[0,  t] 

Put  Z  (s)  =  exp { lu  /ovr<*<Ca  +  C'  )  ~  /  ^a(x,uVr(q))dM(x,q) }. 

1  B  J  x  1 0 ,  s ) 


Then 


where 


P-llm  Z (s)  =  Zg(s) ,  0  <.  s  <  t, 

r*°o 


Zf,(s)  =  exp  (lu  /®Vr  d(£a  +  ~  /  ipa(x,uVr(q))dM(x,q)} 

BJx[0,s] 

But  also  since  1-cos  0  <_  (l/2)02,  0  e  R  , 

|z  (s)|  =  exp {  /  1-cos ( xuV  (q) )  dM(x,q)} 

1  1  BJx[0,s]  r 

2  2 

<  exp  {U  -S-  /  x2dM(x,q)}  <  °°. 

BJx[0,s] 

Thus  If  0  t,  the  Dominated  Convergence  Theorem  together  with 

Lemma  4.2  implies  that 


E  { Z, 


,<82>|\ 


}  =  11m  E(z 


J-KO 


Br(s2>|\ 


•  u-  V<81> 

£“*00 

-  W" 

Now  let  B  ♦  00  and  note  that  as  In  the  proof  of  Lemma  4.1, 

urn  /'  vdci(j  -  /0*vdc;, 

p*co 


llm  ZQ(s)  =  Z(s),  0  <  s  <  t. 

B-h»  s 


Thus , 


E|  ❖"'in  -  /JVCs  I  -*4o,t|Xl'lV(S)'Vc<S)|d"<X,S> 


<  BE  / 

aJCx [ 0, t] 


|v(s)-Vr(s)|dM(x,s), 

and  hence  P  -  11m  f*  V  dC’  =  VdC*  .  It  follows  that 

J  0  r  a(3  J  0  aB 

r-HX> 

p  -  Urn  /0\ «t0  *  t;B)  -  J^"i(can^>. 


j~  -Hx> 


On  the  other  hand. 


/  I  <J(  (x,uV(s))  -  t|»  (x,uV  (s))  dM(x,s) 

BJxfO, t]  “  r  I 

=  /  j<elxuV^S^  -ixaV(s))  -  (eixuVr^S^  -lxu  V  (s))|dM(x,s) 
a  J  x  [  0 ,  t  ]  r  1 

+  /  |eixuV(s)_eixuVr(s)  | dM(x, s) . 

Ax[0, t] 

To  bound  the  first  Integral  on  the  right  use  a  Taylor  series  expansion  to  see 


that 

.  lxuV(s)  lxuV  (s)  y  ,  . 

(e  -ixuV(s))-(e  r  -  lxuVr(s))|  £Kx2|v(s)  -  Vr(s)| 

where  K  is  a  constant  depending  only  on  the  bound  for  V  and  on  a.  Thus 
by  the  choice  of  V^ 

11m  E  /  l(elxuV^S^  -ixuV(s))  -  (elxuVr(s)  -lxuV  (s))|dM(x,s) 

r«  aJx  [0,  t]  r 

=  0. 


Also, 


/  le 

Ax[0, t] 


lxuV(s)  lxuV-(s) 

—A  *• 


dM(x, s) 


<  /  |xuV(s)-xuV  (s)|dM(x,s) 

Ax{0, t]  r  1 

<  b|u|  /  |v(s)-V  (s)|dM(x,s), 

1  A*{0, t]  r  1 

.  ixuV(s)  ixuVr(s)  , 

and  consequently,  11m  E  J  e  -e  dM(x,s) 

r*°°  Ax(0,  t] 


It  follows  that 


Z( t  )  is  A  -measurable  we  obtain  the  equation 

J  j 


EZ(t1  +  1)  =  F.{Z(tj)Lj|At  } 


"Z<tJ)  KiLi\\] 

=  Z(t  ). 

Thus  (Z(tj):j  =  0,  1,  ...,  k)  is  a  martingale  and  hence 
E{Z(  t)  |  Ag}  =  E{Z(tk)|At  }  =  Z(tji)  =  Z(s). 

That  is,  Z(t)  is  a  martingale  for  continuous  time.  Q.E.D, 

Lemma  4,3.  Let  V  be  a  bounded  integrable  process  on  W  *  [0,t].  Let  a  be 
any  positive  number  and  put 

Z(s)  =  exp{iu  /®V dC  -  /  ^  (x,uV(s))dM(x,s)-iu  /5v db  } 

0  R  x(0,sl  “  U  ° 

where  <p  (x,w)  =  e*5™  -  1  -  il  T(x)xw.  Then  (Z(s),A  :  0  <  s  <  t}  is  a 

CX  OU  S  ““  ■" 


martingale. 


Proof.  Let  C  *  sup  { |  V(  s ,  w)  j :  0  £  s  £  t,  w  e  S2} .  By  hypothesis,  C  <  00 .  We 
may  assume  ba  =  0.  Select  simple  adapted  processes  {V^}  as  *n  Theorem  2.1 
such  that: 


(a) 

W 

<  C  on  0 

x  [0,t], 

(b) 

lim 

E  /  x 

2 ( V < s )  -  V  (s)ldM(x,s)  =  0, 

a  J  x  [  0 ,  t] 

1  r  1 

(O 

lim 

E  / 

n(xV(s>  -  xV  (s))dM(x,s)  **  0, 

r+oo 

ajx[0, t] 

r 

(d) 

lim 

E  / 

j V( s)-Vr(s) J dM(x, s)  =  0. 

jr-KX> 

a  J  x  [  0 ,  t  ] 

Condition 

(c)  is  the 

hypothesis  of  Theorem  2.2  and 

lira  /*  V  de  =  jbf dC  a. s. 

-'Ora  J0  a 


Let  B  be  any  real  number  greater  than  a.  Then  according  to  the  Corollary 
to  Lemma  4.1  with  A  =  [-B, a)  (J  (a,gj, 


Lemma  4.2.  Let  V(t)  be  a  simple  process  adpated  to  the  o-fields  A  . 


Then  for  all  u  c  R  ,  and  a  >  0, 

Z(t):  ■  exp{iu/5vdC  -  /  giuxV(s)_j  -j  (x)uxV(s)dM(x,s)  -  iu/5vdb  } 

0  R  x[0,tj  aJ  0  ° 

is  a  complex-valued  martingale  relative  to  the  o-fields  A^. 

Proof :  Let  a  >  0  and  u  e  R  be  arbitrarily  chosen  and  then  fixed.  Without 
loss  of  generality  we  may  (and  do)  assume  that  b^C*)  =  0.  Let  0  s  <  t 
and  choose  a  partition  0=t^<t^<...  <t^=t  of  [0,t]  such  that 

k-1 

v(r)  =  WI{  }  +  l  VI  i,  0  <  r  <  t 

j=o  -1  ^j’^+l3 

where  W  and  are  A^-measurable ,  and  for  each  j  _>  1  is 

A  -measurable.  Since  if  necessary  we  may  enlarge  the  partition  to  include 

s,  we  may  assume  that  s  =  t.  for  some  i  <  k.  Then  by  the  definition  of  the 


Integral  for  simple  V, 


dt  “  Avh 


where  Ac.  =  c(t  .)  -  c(t  ).  Let  ij>  (x,w)  =  e  -  1  -  il  (x)xw.  Then 
i  i+1  i  a  aJ 


Z(t)  =  Z(t  )  =  exp  {iu  l  V  Ac  -  ),  /  ^  (x,uV 

k  j-0  J  3  0  R  x(tj,tj+1]  3 


^  (x,uV . )dM(x, s) } . 


L  =  exptiu  V  Ac  -  / 


(x,uV.)dM(x,s) }. 


3  '  3  1 « -iVVlr“ . 3 . 

Since  Ac  is  Independent  of  the  o-field  A  while  V  is  A  -measurable 

3  J  3  1 

F.{e^uVJA^3|A  }  =  exp  {  /  ^  (x,uV  )dM(x,s)  }. 

1  3 

It  follows  that  E{L. I A  )  =  1.  i  =  0.  I . k-1.  From  the  fact  that 


The  right  side  tends  to  zero  as  r  +  and  thus, 

11m  /  ^n(x<u,  V  (s)>)dM(x,s) 

r-*®  ajx[0,  t]  1 

=  /  4'g(x<u,V(s)>)dM(x,s). 

ajx[0, t] 

But  by  Theorem  2.2. 

il.  a-s- 

p-KO 

SO 

E  exp(i<u,  / ^Vd^a>)  =  Hm  E  exp(i<u,  Iq^j. dCa>) 

j--XX> 

=  lim  exp{  /  ^„(x<u,V  (s)>)dM(x,s) 

r+oo  a J x  [  0 ,  t  ]  r 

=  exp {  /  ^_(x<u,V(s)>)dM(x,s), 

aJx{o,t] 

so  the  lemma  holds  for  bounded  V. 

Now  consider  the  general  case  where 

/  n(xV(s))dM(x,s)  <  °°. 
a  J  x  [  0 ,  t  ] 


Define 


V(r>(S) 


r  if  V(s)  >  r 

V(s)  if  -r  <  V(s)  <  r 


-r  if  V(s)  <  -r. 
t  „(r). 


Then  by  Property  3,  P-lim  V^r^d^a  =  / »  so  ^  the  Dominated  Convergence 


i<ujJv(r)dCa>  i<u,  J0tVdCa> 

=  E  e 


lim  E  e 


That  Is, 


i<u, 

E  e 


11m  exp{  /  ^Q(x<u,V^r^(s)>)dM(x,s). 

r+°°  ajx[0,t] 


But  by  the  preceding  Proposition, 

|i^0(x<u,V^r\s)>)  |  <  c2n(x<u,V^(s)>). 

By  the  definition  of  n,  n(cx)  <  nax(  cLc  )  n(x),  and  so  by  the 

Cauchy-Schwarz  Inequality 

n(x<u,V^r\s)>)  £max(Hull,  HuU2)n(xllV^r\s)  II) 

£max(lluil,  llu  II 2  )n(xllV(s)  II  ) . 

Since  /  n(xUV(s) H)dM(x,s)  <  00  by  hypothesis,  the  Dominated  Convergence 
ajx[0, t] 

Theorem  Implies  that 

11m  /  ^Q(x<u,V^r\s)>)dM(x,s) 

ajx[0,t] 

=  /  iK(x<u,V(s)>)dM(x,s). 

ajx[0, t] 

This  proves  the  Lemma.  Q.E.D 


Theorem  5.1.  Let  V  be  a  nonrandom  Borel-measurable  Rp-valued  function  on 

10, t]  such  that  for  some  a  >  0. 

/  n(xllV(s)  H)dM(x,s)  <  °°. 
a  J  x  [  0 ,  t  ] 

Then  the  ch.f.  of  /^VdC  Is  given  by  the  expression 

exp  (l<u,  /5vdb  >  +  /  {x, <u, v(s)>)dM(x, s) } 

°  a  R  *10, t]  ° 

where 

v  (x,<u,V(s)>)  =  i  -  ix  (x)x<u,V(s)>. 

a  aJ 

Proof.  This  Theorem  follows  Immediately  from  Lemmas  5.2,  5. A,  and  the 
Independence  of  '5vdr,  and  ^VdC'. 

•  0  a  ‘  0  i 


Q.E.D 


Corollary  1«  Let  V  be  a  Borel-measurable  nonrandom  R^-valued  function  on 

(O,00),  such  that  for  a>0,  /  n(xBV(s)  UdM(x,s)  <  00 .  Let  T  :  R  x(o,t)  -*■  RP  be 

ajx[0,tj  L 

defined  by  the  equation  Tt(x,s)  =  xV(s).  Then  t  0,  Is  a  stochastic 

process  with  Independent  increments  and  no  Gaussian  component.  The  Levy 
measure  of  Is  MT"1. 


Proof.  Note  that  for  a,  h  ^  0,  and  t  a+h,  the  Increment 

CVd5  -  ■  lo  I(a,a+M(s)V<*)dt 

has  the  ch. f.  (assume  b  (t)  =0  for  simplicity) 


l<u,xl /  ,,(s)V(s)> 

exp  (  /  e  *  -1  -  II  (x)<u,x  I,  .  , (s)V(s)>dM(x,s) 

R  x[Q,t]  "  U,a+h] 


=  exp  {  /  ei<u,xV(s)>_^  „  X  (x)<u,xV(s)>dM(x,s) } 

R  x(a,a+h]  1 

The  Independent  Increment  property  thus  follows  easily  from  the  expression  for 
the  ch.f.  of  /^VdCi  given  in  Theorem  5.1. 

Next  we  check  that  MT^  Is  a  Levy  measure.  It  suffices  to  show  that 


/  II  x  II 2 A 1  dMT"1  <  «. 

RP  * 


Observe  that  by  a  change  of  variables 


/  II x II 2 A 1  dMT"1  =  /  II xV ( s )  II 2 A 1  dM(x,s). 

RP  C  Rx[0,t] 

It  is  easy  to  check  that  H xV ( s )  II 2 A1  n(xV(s)).  If  HxV(s)H  £  1, 
l! xV ( s )  li 2 A 1  =  n(x!lV(s)  II);  If  llxV(s)«  >  1,  llxV(s)ll2Al  =  1  <  llxV(s)n  * 


n(xllV(s)  * ).  Hence 


/  #xV(s)  »2AldM(x,s)  £  /  n(xHV(s)  ll)dM(x,s) 

R  * [0, t]  ajx{0,t) 


+  /  ldM(x,s) 

aJCx[0, t] 

<  “. 


-1 


This  proves  that  MT  is  a  Levy  measure. 

To  see  that  is  the  Levy  measure  of  /^VdC,  write  the  ch.f.  of 

J^V d£  in  the  form 


ixptc  (t)  +  /  e1<u,xV(s)>_1  _a  1}(xV(s))<U,xV(s)>dM(x,s) 

a  r  x[o, t]  y-  y  - 


and  then  make  a  change  of  variables  to  get  the  expression 


exploit)  +  1  - 


for  the  ch.  f. 

It  is  clear  from  the  above  expression  for  the  ch.f.  that  /^Vdc  has  no 
Gaussian  component.  Q.E.D. 

/  »i\ 


Lemma  5.5.  If  v^,  . ..,  v^  are  any  p  real  numbers  and  if  v 


w 


then  there  is  a  positive  constant  c^  which  does  not  depend  on  v  such  that 


n( Hv H)  <  c  l  n(v.). 

""  Pi  1 


Proof.  First  assume  that  »vll  >  /p.  Since  llvll  <  /p  max  j J ,  there  is  some 
1*  such  that  |vj  J  1,  and  jvj  j  «  max  )v1|.  Then 


lvil '  lvi„l "  n(V  -  [n<V 


so 


n( llvll)  -  llvll  <  /p  In(v.)  in  this  case. 
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Next  observe  that  if  UvU  £  1,  then  for  each  i,  |v^|  <_  1.  Hence 


n(  U  v  > )  =  tl  v  ll  “ 


r j2  =  f  n(Vj)  in  this  case. 


Finally  note  that  the  function  r(v)  =»  £  n(v. )/n( UvU)  is  continuous 

1 

on  Ep,S{0}  so  if  m  =  mln{r(v):  1  <  UvU  <  /p),  m  >  0.  Let  c  *  ■  min(— ,m). 

-  -  p  Sp 

Q.E.D. 

Corollary  2.  Let  V^,  . ..,  be  real-valued  Borel-measurable  nonrandom 

functions  on  [0,t]  such  that  for  some  a  >  0 

/  n(xV . (s) )dM(x, s)  <  ",  i  ■  1,  ...»  p. 

aJ*[0,t] 

Then  the  stochastic  integrals  /q  V^dC,  ...»  /^V^dc  are  independent  iff 
M(  R  xa)  =  0  where  A  *  (s  c  [ 0 , t ] :  for  some  i  and  j,  V ^(s)V ^(s)  *  0}. 


Proof.  Let  V(s) 


Vx(s) 


y»> 


.  Then  by  Lemma  2.6, 


/  n(xllV(s)  U)dM(x,s)  £c  If  n(xV . (s) )dM(x,s) 

aJx[0,t]  P  1  cxjx[0,tl 


Thus  V  satisfies  the  hypothesis  of  Cor.  1,  and  hence  /q Vd?  exists  and  is 

infinitely  divisible  with  no  Gaussian  component  and  with  Levy  measure  MT 
where  T:  R  *[o,tl  +  rP  is  defined  by  the  equation  T(x,s)  “  xV(s).  The 
integrals  /qv  1dr»»  •••»  / QVpd^  are  rhe  marginals  of  /^VdG,  and  thus,  as  is 

easy  to  see,  they  are  independent  iff  MT  1  is  concentrated  on  the 
coordinate  axes.  That  is,  if  D  ■  {v  e  Rp:  for  some  i  and  j,  v^vj  * 


v-v-v  I-’'-. 
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then  MT  *(D)  =  0.  But  T(x,s)  e  D  Iff  for  some  1  and  j,  x2V^(s)Vj(s)  *  0. 

Since  Mt(0}  »  0,  MT_1(D)  »  0  iff  M(  R  xA)  -  0.  Q.E.D. 

Remark.  The  expressions  given  in  Theorem  5.1  for  the  ch.f.  seem  to  be  natural 

extensions  of  the  case  of  simple  V.  If  p  =  1,  the  integral 

/  ei<u,xV(s)>_  j  _  (x)  <u,xV(s)>dM(x,s)  exists  for  all  u  iff 

ajx [0, t]  XJ 

/  n(xV(s))dM(x, s)  <  °°.  (Prop.  5.3)  If  p  >  1,  then  the  corresponding 

aJx[o, tl 

expressions  for  the  marginals  of  make  sense  iff 

/  n(xV  (s))dM(x,s)  <  “  for  each  i  and  some  a  >  0.  But  according 

oJx[o, t] 

to  Lemma  5.5,  the  latter  condition  implies  that  /  n(xllV(s)  ll)dM(x,s)  <  °°. 

ctJx[0,  t] 

Thus  in  this  connection,  at  least  for  nonrandom  V,  it  seems  natural  to 
require  that 

/  n(xilV(s)  U)dM(x,s)  <  00 

aJx[o,  t] 

for  V  to  be  integrable. 
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